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— , Abstract. Spontaneous symmetry breaking has been observed in lattice simulations of five- 

■ dimensional gauge theories on an orbifold. This effect is reproduced by perturbation theory if 

it is modified to account for a finite cut-off. We present a comparison of lattice and analytic 
results for bulk gauge group SU{2). 

in: 

^ . 1. Introduction 

Gauge theories in dimensions d > 4 are (part of) models, which aim at explaining the origin of the 
Higgs field and electroweak symmetry breaking, one of Gauguin's questions in particle physics 
[T] that has been reviewed at this conference [2]. In such extensions of the Standard Model based 
on gauge-Higgs unification the Higgs is identified with extra-dimensional components of a gauge 
Q^ . field. The Higgs potential is zero at tree level and is generated through quantum effects [3j. The 

CN I Higgs mass and quartic coupling, which are inputs of the Standard Model, become dynamical 

properties. In case of non-simply connected extra-dimensional spaces, like a circle or a torus 
, the physical degrees of freedom of the Higgs actually reside in the non-contractible Polyakov 
loops. It is argued that the Higgs potential is finite [Ij despite the non-renormalizability of the 
models, the intuitive reason being that non-local counterterms are not allowed. The potential 
can further break spontaneously the gauge symmetry. This extra-dimensional version of the 
^ ' Higgs mechanism is referred as the Hosotani mechanism [5l[6]. 

A particularly simple and attractive extra-dimensional space is the orbifold /Zi2. The Z2 
projection identifies degrees of freedom under the reflection of the fifth dimensional coordinate. 
The circle is thus projected onto an interval Ii. Gauge fields are identified under this refiection 
up to a global gauge transformation. The ends of the interval are the fixed points of the refiection 
and naturally define boundaries. It turns out that there is a tower of boundary conditions for the 
gauge field and its derivatives, which can be derived as a limit of a gauge invariant construction 
[7j. In this limit the gauge invariance is broken on the boundaries. For the purpose of recovering 
the Standard Model Higgs this explicit breaking of the gauge symmetry allows to get a Higgs 
field which is not in the adjoint representation of the gauge group: some of the extra-dimensional 
components of the gauge field are set to zero at the boundaries and therefore do not have a zero- 
mode. If we think of dimensional reduction as in finite temperature field theory, the low-energy 
effective theory is described by zero-modes and we end up with a Higgs field in the fundamental 
representation of a subgroup of the original gauge group. 

Five-dimensional gauge theories formulated on 5^/Z2 can be studied using perturbation 
theory. One starts with a Fourier or Kaluza-Klein (KK) expansion of the gauge field, each 



gauge field component is associated with a tower of four-dimensional fields but only some (even) 
components have a zero-mode. The 1-loop expression for the Higgs mass uih for general gauge 
group SU{N) is il [9] 

(mnR) = -^9,, 9, = ^, (1) 

where R is the radius of the extra dimension and 55, (74 are the five-dimensional and effective 
four-dimensional gauge couplings respectively. This expression agrees with the one obtained 
from the computation of the effective potential at 1-loop [10]. This fact we find remarkable, 
since the 1-loop potential is an effective potential for free fields and the gauge coupling there 
only enters indirectly through the shifted masses of the Kaluza-Klein modes. The minimization 
of the potential also shows that there is no spontaneous symmetry breaking (at 1-loop). This 
observation led to consider models where (a large number of) bulk fermion fields are added to 
trigger spontaneous symmetry breaking. We found it appropriate to pause for a moment and 
look in detail at how the perturbative computations have been done. 

2. Perturbative computation of the Higgs potential 

Perturbative computations of the effective scalar potential in five-dimensional gauge theories 
consist of two steps: diagonalization of the mass matrix for the KK modes and (re)summation 
of their 1-loop contributions to the effective action. 

The first step is done by expanding the five-dimensional fields in a Fourier basis on S'^/Z2. 
The orbifold boundary conditions determine which gauge field component is even and which is 
odd, 

1 ,00 
E{x,X5) = ^=s(°)(a;) + ^=^£;(")(x)cos(nx5/i?) even fields , (2) 

n=l 

^ 00 

0{x,X5) = ^= V 0(")(a;) sin(nx5/i?) odd fields . (3) 

Dimensional reduction is expected to occur for energies E <^ 1/R, where physics is described 
by a low-energy effective theory of zero- modes E^^\ This expectation has to be verified by 
computations of low-energy physical quantities. The mode expansion of the fields is inserted in 
the lagrangean 

-£ = :^tr{FMNFMN} + ^tr{{DMAMf (4) 
2<?5 9^ 

with DmF = OmE + [{Am),E] and we set = 1 (unexplained notation is as in [llj). From a 
four-dimensional point of view, the five-dimensional components of the gauge field are scalars 
and can assume a vacuum expectation value (vev) {A^) 7^ 0. The masses of the KK modes are 
found by diagonalization of the operator D^D^. In order to give a concrete example we consider 
the gauge group SU (2) with the orbifold breaking 

SU{2) ^ U{1) (5) 

The KK masses are 



A?^^'^^ (gauge boson) 

ylf (Higgs) 
higher KK modes 



{mzR? = (6) 

{niA^Rf = a2 , (7) 
{jrinRf = r? , (n ± af (8) 



where 



a = g^Ml)R = 95vR/V2^ (9) 

is a dimensionless modulus parametrizing the four-dimensional Higgs vev v. 

The second step is to sum the four-dimensional 1-loop effective action for the KK modes. 
This step involves a Poisson resummation which eliminates a constant (i.e. independent of a) 
divergent contribution. The result is the periodic potential 

V = 9 cos(27rm«) 



m= 



which has degenerate minima at a = amin = modZ. For these values of a the spectrum as 
a whole is the same as for a = 0. There is no spontaneous symmetry breaking of the remnant 
U{1) gauge symmetry in Eq. which would manifest itself in a massive lowest mode for A'^. 

3. Lattice simulations of gauge group SU{2) 
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Figure 1. Average plaquette in four- 
dimensional hyperplanes in the boundary 
(squares) and in the bulk (circles) of the 
orbifold with T/a = 96, L/a = 14, = 
6. Comparison to the mean- field calculation 
(lines). 
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Figure 2. Spectrum from lattice simulations 
of the orbifold with T/a = 96, L/a = 12 and 
L/a = 14, A^5 = 6. The dashed line represents 
Eq. ^. 



The orbifold theory with the explicit symmetry breaking Eq. ([5]) can be defined on a Euclidean 
space-time lattice [7]. The geometry is the strip {z = a(n^,n5)| < < A^'s}, where a is the 
lattice spacing, the integer coordinates label points in a four-dimensional hypercube — x (— )^ 
and 77-5 = 0, A^5 define the boundaries. The parameter space on the lattice is given by 

iVs = and l3 = 2N/{glK), (11) 

where A = l/a is the ultraviolet cut-off. Details on the lattice action and operators can be found 
in [12]. It turns out that there is a first order phase transition at (3c — 1-6. This transition is the 
same as the one observed in infinite volume (or with periodic boundary conditions) |13 pi4l[T5l ll6j 
and can be detected by a jump in the expectation value of the plaquettes. We did a mean- 
field calculation [l7j that also shows the presence of the phase transition and reproduces the 



qualitative behavior of the plaquettes, see figure [H The spectrum of the scalar (Higgs/glueball) 
and vector (gauge boson) states can only be measured in simulations for (3 > (5c and is shown 
in figure [2] for A^s = 6 as a function of /?. The Higgs mass is larger then the 1-loop continuum 
value Eq. ([T]). The gauge boson is a massive Z boson, contrary to the perturbative result that 
we discussed in the previous section. This is the first lattice evidence for spontaneous symmetry 
breaking in pure extra-dimensional gauge theories [18] . The appearance of a Higgs phase is not 
completely unexpected from dimensional reduction |19j . 

4. Perturbative computations with a cut-off 
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" = Q with cut-off effects. 

Five-dimensional gauge theories are trivial: if a ultraviolet cut-off A is removed from the 
theory, the four-dimensional effective coupling goes to zero j20] , see also [22] . In this limit 
the Higgs mass Eq. ([1]) tends to zero. In order to move away from the trivial limit we regularize 
the theory on a Euclidean lattice, which naturally provides a gauge invariant cut-off A = 1/a. 
We make the hypothesis that in a vicinity of the trivial point the lattice theory can be described 
by a continuum Symanzik effective lagrangean 

-C = -Ltr{FM7vi^Miv} + ^c(^'»)(iV5,/?)a^'-'0(P>) + ... , (12) 

where O^^*) is an operator of dimension pi > 4. This expansion has been shown to describe 
cut-off effects for renormalizable theories \1'6\ 126] . Our working hypothesis is that the 

five-dimensional gauge theory, despite its non-renormalizability, possesses a scaling regime where 
it is described by Eq. (fT^ . 

For the orbifold the operators of lowest dimension are 

= ^_^Fl^Fl^[5{x,) + 5{x,-irR)], (13) 



4 

2 



cO{6) = Y.2^tr{FMN{Dli + Dl)FMN], (14) 



M,N 



where the coefficients cq = c'^^\N^^I3) and c = c^^\N^,j3) depend on the lattice gauge action 
and can be computed in perturbation theory. For example c = 1/12 at tree level for the Wilson 
plaquette action. Higher derivative operators like Eq. (|14p appear in models for new Higgs 
physics considered in [271 [2H] , where they are interpreted as new particles (ghosts) which cancel 
quadratic divergences in the Higgs mass. 



The operators Eq. (I13p and Eq. (I14p induce corrections to the KK masses of the gauge field 
Afj,. For example Eq. ([6j) and Eq. ([8]) in the SU{2) model are changed to 

(mnR)'^ = n^ forn > , (15) 

2 2 

{n±af + ^^^+c{n±a)^^ forn > , (16) 

where we keep only the leading n-independent correction from the boundary term. The gauge 
field and the ghost field do not receive cut-off corrections, since the masses of their KK modes 
originate from the gauge fixing term. 

When inserted into the formula for the Higgs potential, the corrected KK masses Eq. (I16p 
lead to an expansion in cq and c of the (gauge) contribution [11] . The latter is defined as 



oo 

ygauge ^ [ — e"T("'"''''+^)^Io f-^ 



(17) 



A tricky point here is that we extend the summation over a finite number of KK modes on the 
lattice to n ^ oo, but this is justified since the contribution of higher modes is exponentially 
suppressed in Eq. p!7|). The expansion then reads 

^gauge ^ Jg+^ + ^|M_C^ (18) 

0(a) 0{a2) 

and the total potential is given by 

V = 41/Sauge _|_yscalar _2yscalar _ ^-j^g-j 

"^A" ^5 ghosts 

Here y^^aiar jg obtained by setting c = cq = in Eq. (|17p . The cut-off corrected effective 
potential for = 6, c = 2.5 and cq = 0.0005 is shown in figure O For each value of and 
Co = 0, there is a minimal positive value of c such that there is spontaneous symmetry breaking 
|29j : the minimum of the potential is attained at Omin = 1/2- When in addition cq > 0, the 
potential is not any more periodic in a. The requirement that the vev is below the cut-off scale: 
V < 1/a implies the constraint \a\ < \J NN^/{j:'^(3). The Higgs potential has the characteristic 
shape like in the Standard Model as shown figure [3] and the minimum is shifted continuously in 
the range < Omin < 1 depending on the value of cq. 



5. Comparing perturbation theory w^ith lattice results 

We are now in the position to compare the results from cut-off corrected perturbation theory 
with the lattice simulations of the orbifold with bulk gauge group SU{2). This should provide 
the justification for our working hypothesis of using the Symanzik expansion. In figure S] we 
compare for = 6 the masses of the Z and Z* bosons as a function of the modulus amin- 
The lines represent the formulae Eq. (jl6p for n = 0, 1 for fixed values c = 13.0 and cq = 0.0121 
varying a = amin- Actually for these values of c and cq the potential has a minimum at the 
position indicated by the vertical dotted line. The symbols are the simulation results of the 
orbifold with T/a = 96, L/a = 12, = 6, plotted using a lattice determination of CKmin HI. 
There is good qualitative agreement. 

In figure [5] we compare always for A^s = 6 the ratio of the Higgs to the Z-boson mass 
Phz^ — rriH/mzo. Here c and cq in the potential calculation are tuned to give the minimum at 
the value amin as it is determined in the lattice simulation. The perturbative results for puz^ 
are represented by the square symbols. The lattice results (circles and triangles, orbifold with 
T/a = 96, L/a = 12 and L/a = 14, = 6) indicate that contrary to perturbation theory on 
the lattice it is possible to get Phz° ^ 1- 
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Figure 4. Comparison of the lattice masses 
for the Z and Z* bosons with the Kaluza- 
Klein masses, which are corrected to include 
cut-off effects. 



Figure 5. Ratio of the Higgs to the Z-boson 
mass, from lattice simulations and analytic 
computations. 



6. Conclusions 

We are investigating five-dimensional gauge theories as models to derive electroweak symmetry 
breaking, by a combination of lattice simulations and analytic computations. We gave the first 
evidence for spontaneous symmetry breaking and could reproduce this effect by the inclusion 
of cut-off effects in perturbation theory. Our results encourage to pursue the study in order 
to establish whether these theories possesses a scaling regime, where the values of physical 
observables do not strongly depend on the cut-off. 
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